The authors derive a lower bound on the performance of generalised multilevel quadrature amplitude modulations (M-QAM) in time-discrete multipath Rayleigh fading environments with imperfect channel estimation. The bound can be regarded as an extension of the well-known matched filter bound (MFB), taking into account the impact of imperfect channel knowledge. The analytical expressions derived allow the computation of the bit error rate for the different bit streams that can be mapped simultaneously onto M-QAM symbols using a hierarchical approach when unequal bit error protection is desired.
Introduction
The scarceness of spectrum available for wireless communication networks is one of the main difficulties for achieving high bit rate transmissions. The usage of spectrally efficient modulations like uniform multilevel quadrature amplitude modulations (M-QAM) helps on overcoming this problem and has been studied for wireless systems by several authors [1, 2] . If instead of a simple point-to-point transmission the objective is the broadcast of information to several users then a more general and versatile hierarchical M-QAM constellation (M-HQAM), with uniform or non-uniformly spaced signal points, can be used as an alternative. The idea is based on the work of Cover [3] who showed that in broadcast transmissions it is possible to exchange some of the capacity of the good communication links to the poor ones and this tradeoff can be worthwhile. M-HQAM constellations constitute a very simple method to provide unequal bit error protection and improve the efficiency of a network in broadcast transmissions. Depending on the propagation conditions, a given user can attempt to demodulate only the more protected bits or also the less protected bits carrying additional information. This approach is possible whenever the information is scalable like the cases of coded voice and video signals, as studied in [3] and [4] . Hierarchical 16-QAM and 64-QAM constellations Q1
have already been incorporated into DVB-T [5] and DVB-SH [6] standards. Hierarchical constellations have also been shown to be advantageous in relay communications [7] .
A great deal of attention has been devoted to obtaining analytical expressions for the bit-error-rate (BER) performance of M-QAM [8 -16] and also for M-HQAM [17, 18] , with some authors also addressing the effects of imperfect channel estimation ( [12 -16, 18] ). However, owing to the difficulty in dealing with multipath channels they all assume flat fading channels. Instead of trying to obtain exact expressions for multipath channels it can be satisfactory to simply compute the MFB, which represents a lower limit on the BER for a particular communication channel. The MFB is found assuming perfect channel knowledge and the transmission of only one pulse, that is, no intersymbol interference occurs. MFB expressions for binary-and quadrature-phase shift keying (QPSK) transmission over two-beam Rayleigh fading channels were obtained in [19] . These expressions were then extended to continuous time-delay profile channels in [20] and also to time-discrete multipath channels in [21] and [22] . Diversity reception was also taken into consideration in [20] and [22] . Using an approach similar to [22] , MFB expressions were derived for the symbol error probability of QAM in [23] and for the individual BERs of M-HQAM constellations in [24] . If one of the assumptions of the MFB is removed, namely the perfect channel knowledge, we can obtain a tighter lower bound which is useful for evaluating the performance degradation caused by imperfect channel estimation. Therefore in this paper we take into account the presence of channel estimation errors and derive bounds for the BERs of the different types of bits in hierarchical QAM constellations. The expressions obtained are valid in timediscrete multipath Rayleigh fading channels with correlated paths. Self-interference from the symbol pulse is considered, allowing us to obtain performance measures for more realistic scenarios than the flat fading channels assumed in [18] .
The paper is organised as follows. Section 2 briefly defines M-HQAM constellations and describes the model of the communication system considered. Section 3 for square constellations and extends them to rectangular constellations and diversity reception. Section 4 presents and analyses some numerical results using the bounds and finally conclusions are given in Section 5.
2 System and channel model
Generalised HQAM signal constellations
With a proper mapping of the different information bit streams any QAM constellation can become a hierarchical one [18] . Furthermore, by using non-uniformly spaced signal points it is possible to modify the different error protection levels of the streams. As an example, a nonuniform 16-HQAM constellation can be constructed from a main QPSK constellation where each symbol is in fact another QPSK constellation, as shown in Fig. 1 . M-HQAM constellations can be characterised by the ratios of the distances between the inner nested constellations
where M is the size of the constellation and D i represents de distances Q2 between the centres of consecutive inner nested constellations, as shown in Fig. 1 . In the 16-HQAM constellation of Fig. 1 we have only one ratio,
with k 1 ¼ 0.5 corresponding to a uniform 16-QAM. The general expression for the definition of a symbol is
where the number of possible classes of bits with different error protection is 1/2log 2 M. In our analysis we assume that each information stream is split in two, so that half of the stream goes for the in-phase branch and the other half for the quadrature branch of the modulator. The resulting bit sequence in each branch is Grey encoded and mapped onto the respective M √ -PAM constellation symbols. The symbols from the in-phase and quadrature branches are then grouped together forming complex M-QAM symbols. The Grey coding for each M √ -PAM constellation is performed following the procedure described in [17] . First the constellation symbols are represented in the horizontal axis and are labelled from left to right with integers starting from 0 to M √ − 1. These labels are then converted to their binary representation so that each symbol s j can be represented by a log 2 M /2-digit binary sequence:
. The corresponding Grey code is then computed using
where ⊕ represents modulo-2 addition and g j m are the Grey coded bits.
System model
Let us consider the transmission over a multipath Rayleigh fading channel composed of L discrete taps. The corresponding transmitter -receiver block diagram is shown in Fig. 2 . The channel response at time t to an impulse applied at instant t 2 t can be modelled as
where a i (t) is a zero-mean complex Gaussian random process, d(t) is the Dirac function and t i is the delay (assumed constant) of tap i. Regarding the cross-correlation between different taps, no restriction is imposed, that is, the taps can be correlated. For the derivation of the bound we assume the transmission of only one pulse sg(t), where s is an HQAM symbol and g(t) is the impulse response of the transmit filter. The signal at the receiver can be written as
where n(t) is a zero-mean complex Gaussian random process with power spectral density N 0 , representing additive white Gaussian noise (AWGN). The receiver filter can be expressed as
with t 0 representing the sampling instant andâ i (t) being the channel estimate for tap i. Although the transmitted pulse g(t) can have unlimited duration, it typically becomes almost zero outside a narrow interval. Therefore if the channel is slowly time-varying it can be assumed approximately constant inside this interval and the sampled signal after the receiver filter can be written as
whereâ i are the sampled channel estimates, w i represents Gaussian distributed noise samples, that is
and R(t) is the autocorrelation function of the transmit filter
It should be noted that assuming a linear channel estimator, channel estimatesâ i are complex Gaussian random variables.
3 Performance bound derivation
Square QAM constellations
Our target is to obtain the bound for the BER of each different bit type b m (m ¼ 1, . . . , log 2 (M )/2) in a constellation. Assuming a square constellation and independent mapping on the I and Q branches we can develop our study using the decision variable for only one of the branches. In the following we will consider only the decision variable for the I branch. Fig. 3 shows the decision regions for each bit along the I-axis in the case of a 16-QAM constellation. Depending on the channel estimation method employed, the reliability of the channel estimates can depend on the symbol position in the transmitted frame, which means the error probability will also depend on this position. Therefore the BER must be averaged over all the possible locations t in a frame of size N. From [18] , and taking into account that according to (7) the decision borders should be weighted with
, we can express the BER expression for bit i m in a generalised M-QAM constellation as
where
and
To compute the BER bounds it is necessary to obtain an expression for the probability inside (10) . In the following derivation, for simplicity of notation, we will drop index t (symbol position in the frame) though we should keep in mind that the channel estimates can depend on it. To avoid that the decision borders depend explicitly on the channel estimate we can rewrite the probability expression as
where 
The last equality in (15) corresponds to the respective matrix representation (A H denotes conjugate transpose of matrix A). In this matrix format, z is a 3L × 1 column vector defined as
and S is a 3L × 3L matrix constructed according to (see (17)) with
) and hence S is Hermitian. For obtaining the bound it is necessary to know the probability density function (PDF) of y re . To find this PDF we can apply a characteristic function-based method but first we need to write y re as a sum of uncorrelated random variables with known PDFs. Although the components of z are assumed Gaussian, they can be correlated: we can have correlation between different taps, between channel coefficients and channel estimates and also between noise and channel estimates (depending on the channel estimation method employed). Denoting C as the covariance matrix of z (C ¼ Cov[z]), this matrix is Hermitian and positivesemidefinite and, consequently, it is possible to find at least one matrix Q so that C can be decomposed into C ¼ QQ H . In particular, if we apply the Cholesky decomposition, Q will be a lower triangular matrix. Using matrix Q we can define a new vector z ′ ¼ Q
21
z whose covariance matrix corresponds to the identity matrix. Consequently the components of z ′ will be uncorrelated unit-variance complex Gaussian variables. Introducing this transformation into (15) leads to
Matrix S ′ is still Hermitian and, thus, can be decomposed as
In (20), L is a diagonal matrix whose elements are the eigenvalues l i (i ¼ 1, . . . , 3L) of S ′ and F is a matrix whose columns are the eigenvectors of S ′ , which are orthogonal (FF H ¼ I ). We can then rewrite (18) as
where we have defined another vector, z ′′ ¼ F H z ′ whose components are still uncorrelated, unit-variance complex Gaussian variables. Since the components z ′′ i are Gaussian, the independent random variables x i = l i |z ′′ i | 2 follow exponential distributions and so, the characteristic function-based method can be applied as in [18] for obtaining the PDF of y re . The following expression results
with u( y) representing the unit step function (i.e. u( y) ¼ 0 for y , 0 and 1 for y . 0). Coefficients A i,k are computed using
where it is assumed that there are L ′ distinct eigenvalues
of S ′ , each with a multiplicity of u i (i ¼ 1 , . . . , L ′ ) with the negative ones occupying the first L ′ neg positions. Calculation of probability (13) requires us to integrate (22) between 21 and 0 which leads to
The performance bounds can then be computed by simply inserting (24) into (10) . Although it may seem from (24) that only the negative eigenvalues are required, in fact, the positive ones are also needed for computing coefficients A i,k , as shown in (23).
Extension to rectangular QAM constellations
Even though in the previous section we only referred to square QAM constellations, the extension to rectangular ones is fairly simple. In this case, the BER of the bits in the I branch of the constellation is computed in exactly the same way. As for the bits mapped to the Q branch, we need to modify the general BER expression (10) so that the required probability becomes Prob{y im , 0|s ¼ s j,f , t}, that is, with y re replaced by y im , where y im is expressed as
The only consequence is that matrix S needs to be modified accordingly, whereas the remainder of the derivation remains the same.
Extension to receive diversity
The derivation in Section 2.1 is directly extendable for the case of diversity combining. If there are N rx diversity branches we can rewrite (15) as
Matrix S becomes a diagonal matrix whose diagonal elements are smaller matrices S n , the individual branches matrices defined as (17) . Moreover, column vector z is built as a concatenation of the individual diversity branch vectors z n defined in (16) . The rest of the expressions remain the same.
Numerical results
Using the derived bound expressions we evaluated the BER of several HQAM constellations in different conditions. As an example, in this study we consider the use of a rootsquare raised cosine filter with a roll-off bandwidth factor b ¼ 0.22. We assumed a Jakes spectrum [25] for each tap, which means that the respective autocovariance functions can be expressed as
where J 0 ( . ) is the zeroth-order Bessel function of the first kind, f D is the Doppler frequency and V i is the root-meansquare value of the magnitude of tap i. Regarding the channel estimate and similarly to [16] we will represent it aŝ
where a is a complex value denoting the bias of the estimate and j is the channel estimation error, modelled as a zero-mean complex Gaussian variable, which we will assume the same for all bit positions in the frame. In our simulations we considered indoor A and vehicular A environments (both from [26]), whose tap delays and respective powers are shown in Tables 1 and 2 , respectively. The symbol duration T s was 260 ns. are shown. The latter case corresponds to channel estimates with irreducible errors and leads to performances with irreducible BER floors as can be seen in the graphs for high E S /N 0 values. For low E S /N 0 the prevailing effect is the estimation error owing to thermal noise and therefore both imperfect channel estimation curves overlap. It is also visible the higher sensitivity of LPB to channel estimation errors which manifests through higher irreducible BER floors.
Comparing the results between the two environments, we note a better performance in vehicular A environment which has a higher delay spread. In Fig. 6 , it is shown the effect of the non-uniformity parameter k 1 on the E S /N 0 degradation owing to imperfect channel estimation for a 16-HQAM transmission with a BER of 10 24 in vehicular A environment with one receiver antenna. The channel estimation error is modelled as
. Note that in this legend the terminology MPB and LPB might be misleading since for k 1 . 0.5 these two bit types can swap roles in terms of error protection. Nevertheless, it is clear that the MPB has lower sensitivity to channel estimation errors, with degradations below 1 dB. As for the least protected bit, a highly non-uniform constellation (with k 1 close to 0 or 1) results in a very high sensitivity to channel estimation errors that can make the BER of 10 24 unattainable. Figs. 7 and 8 evaluate the impact of tap correlation in the performance of a 16-HQAM and a 64-HQAM constellation, respectively. The environment considered is vehicular A with . Curves for different values of the correlation coefficient between taps, r (assumed the same for all the taps), are shown. As a reference the results for flat Rayleigh fading are also presented in the same graph. As expected, increased correlations lead to a performance degradation owing to a loss of multipath diversity. Nevertheless, this degradation is small until r ¼ 0.5 and even for higher correlation values, like 0.9, the performance is still relatively far from the flat Rayleigh environment (which does not have any diversity gain). Fig. 9 compares the MFB and the proposed bound against the simulated performance of a code division multiple accsses (CDMA) system where data is spread with a spreading factor (SF) of 16. The environment is the vehicular A with v ¼ 20 km/h. A pilot channel is transmitted in parallel using an orthogonal spreading code with SF ¼ 256 and 10% of the transmitted power. We assume that the channel estimate obtained for a pilot symbol (after dispreading of the pilot channel) is directly used for all the data symbols within that pilot symbol duration. The modulation used is 16-HQAM with k 1 ¼ 0.4. Four receiving antennas are assumed. A RAKE Q1 receiver with one 'finger' for each multipath component combined with iterative interference cancellation is employed [27] . It is clear that the proposed bound is tighter than the MFB, lying around 1 dB from the simulated performance compared with the 4 dB distance of the MFB for the LPB.
Conclusions
In this paper we have derived a performance bound tighter than the MFB by also including the effect of imperfect channel estimation. The expressions obtained allow the computation of the BER for the individual bit classes of any square/ rectangular hierarchical M-QAM constellation in correlated multipath Rayleigh fading environments making them more general than previously published performance analysis. 
Acknowledgment

